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The behaviour of a
laminar compressible boundary layer on a cold wall
near a point of zero skin friction
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It is shown that the expansion assumed by Stewartson to describe the flow close
to separation in a compressible boundary layer is incomplete. When the wall
is cold an infinity of new terms involving log £, loglog £ and their products and
quotients must be added at each algebraic stage. The skin friction then vanishes
like 2% Inzx where « is the distance to separation. None of the coefficients of the
logarithmic terms are arbitrary and in particular the first two terms in the
expansion of the skin friction are known if the heat transfer is given at separation.
Convergence is so slow, however, that this is of no practical value.

1. Introduction

The behaviour of an incompressible boundary layer at a point of zero skin
friction has been firmly established by the work of Goldstein (1948), Stewartson
(1958) and Terrill (1960). The skin friction vanishes like 2% where z is the distance
to separation, and the structure close to the wall is described by a series in powers
of zt with coefficients that are functions of 5 = y/(2x)}. At various stages, terms
in zi”log = also have to be included, this being the fundamental contribution of
Stewartson. There are two basic assumptions in the development of what will
be called the Goldstein—Stewartson expansion, namely that 7y is the appropriate
similarity variable and that the various complicated functions of # that are
generated all behave algebraically when 7 is very large.

In the case of compressible flow the matter is less satisfactory, since Stewartson
(1962), using the same approach as his 1958 paper, was unable to find anything
but a regular expansion at separation when the heat-transfer is non-zero. This
result was not contradicted by the best numerical work of the time, but recent
numerical work of Merkin (1969) for a cold wall shows singular behaviour difficult
to distinguish numerically from the square root. P. G. Williams of University
College, London, informs me that he also has found singular behaviour for both
hot and cold walls.

In this paper Stewartson’s approach is re-examined in an attempt to resolve
this contradiction between the analysis and the numerical work. Apparently
a self-consistent expansion can be found, valid for a cold wall, if additional
terms involving log log are permitted.
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The equations to be studied are (Stewartson 1962)

7 _ fc'ﬁzf 2(_3[)2+€(,aia_%f__€j?I) (1+g)r€:opr€4r, (1.1)

o Ton* \ony on 0koy  on* of
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Yoy (G s o0) = © (1.2)

with boundary conditions

9 0) = 3 £v8,.

r=1

(1.3)

In addition it is required that neither of the dependent variables diverge ex-
ponentially for large 7.

Here, £ = (XDt g = (Reh(l/—4X)t 7,
Y= 28=XDEfE,m), 8 =te+(1+8,)g(£,n),
where X is the distance to separation, ¥ measures distance from the wall,  is
the stream function and S is related to the absolute temperature, { is a charac-
teristic length obtained from the pressure gradient and ¢, is the value of S at

the separation point.
A solution to equations (1.1), (1.2) is sought in the form

&M = 3 fin £ (1.4)

9E) = T 0.1, H)E" (1)

where the £ dependence of the f,,, g,, is logarithmic. More precisely

0 when o >0,

. of,
1-’;—az_1L =
lim g {oo when o < 0,

£—0
and similarly for the g,,. Conmder now the derivative of (1.4),

- 5 el

which we write as 3f E F. ¢ (1.6)

§ G, £, (L7

and similarly 5 §
Equations (1.4)-(1.7) can be substituted into (1.1), (1.2) and the coefficients of
powers of { equated asif the f,, g,,, F,,, G, were £ independent. With the algebraic
balance established and an infinite number of equations generated, one for
each of the f,, g, we can then consider the ‘logarithmic’ expansion of each of
these equations. The algebraic balance when = + 0 leads to

g;" 3fog,’f‘Fog;z +ft’)G'n = z=:1 [3fmg;c—m '—fi;lGn—m + Fmgyla—m]: (1~8)
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n—Yofntfolu—3fofu—foFu+4fofntfuFo—fiFo
n—1 ©
= zl[3fmf'r’;—m'—f7'nF1,»—m+f7’rltFn—m—2f7’nfrlb—m]+Pin+mzong§;(n—m)’ (1.9)
m= =

where the P, are non-zero only for ¢ a non-negative integer. The primes in equa-

tions (1.8), (1.9) denote derivatives with respect to 7.
If f, and g, are assumed to be £ independent they satisfy

90— 3fof0 = 0, (1.10)

o —3fofo+2fo* = 1+, (1.11)

and Stewartson (1962) has given arguments from which it may be concluded

that the appropriate solutions are
go=0, fo=147" (L.12)

The leading term in the temperature expansion is a constant and the velocity
is parallel to the wall with a parabolic distribution.

2. Stewartson’s analysis

Stewartson (1962) proceeded with the expansion by supposing that f;, ¢,
are § independent. Then,

g1— 37’01 +47%0, = O, (2.1)

V=it = 9P =9y (2.2)

with solutions g1 =B1n, fi=a,7*+3:B% (2.3)
Continuing in like manner

92— $1°92 +0°g = 20 By 9% (2.4)

J2' =37 o+ 3072 — 5nfy = — 4ain®+ o Byt + g (2.5)

Equation (2.4) has solution g, = 2¢¢; B,(1—7.), (2.6)

where §, is the complementary function that equals one at the wall and is
algebraic at infinity. There is such a function. The equation for f,, on the other
hand, presents a difficulty since an acceptable solution can only be found if

f dn ¢ ¥t (1% — 7% [92+ 3o, Byt — 4ad7?] = 0. (2.7)

The %2 term does not contribute to this integral since #° is an appropriate par-
ticular integral for this term. Thus (2.7) is only satisfied if

a, By = 0. (2.8)

Numerical evidence (e.g. Merkin 1969) suggests that the heat transfer does not
vanish (i.e. B; & 0) and although the expansion can be continued with the
choice a, = 0, the solution is then regular at separation, which possibility we
reject (at least for a cold wall). Stewartson attempted to avoid the conclusion
(2.8) by a device that in his 1958 paper successfully resolved a similar difficulty



240 J. Buckmaster
that Goldstein (1948) had encountered. Thus he wrote

Si=fiolné+fi, g1=9: (2.9)

g, cannot be modified since this would ultimately lead to an inhomogeneous
equation of the type (2.1); this equation would only have a solution if the in-
homogenity satisfied an integral condition, and we would then conclude that in
fact the inhomogenity vanished. Stewartson quite rightly concluded that (2.9)
would not work but he omits the details. They are instructive however.

g, is still given by (2.3); f,, satisfies the homogeneous equation for f; so that

10 = %107° (2.10)
and f,, satisfies (2.2) (although £f,/0 = f,,, the simple solution (2.10) does not
contribute to f;;) whence

on fu) Ju = ann®+7¢Byt (2.11)

The logarithmic term in f; induces logarithmic terms in f,, g,. Thus

go = goIn§+ gy,

where gao = 2019 B1(1—-7,)
and Gor— 37%921 + 1791 = 201, Bip® + By a0 1%G,.
The solution for g, is
_ B,a
go1 = 2B oy (1—gp) — QTSi_I‘l(% hy(n), (2.12)
© In(1+q) .. In q]
where h = f d [1+ p e L e L gt
M) =7 | dg|(L+a)— 5 P
Three terms are needed to describe f,
fo = fooln2E+foy InE+ fo,
where S0 = oom— 505075, (2.13)

1

21— 37°f 21+ 80%f 2y — 50fy = — Botge0ty; 9 — 208 ®

+3Boygnt + 303078 + 2010 By (1 - 7o) (2.14)
25— 31 22 + 39%f5s — Ofep = — 4ady 9P~ 2190011 N2 + G2y

+&Brogent +3Bran nt — ¥ u +0fa.  (2.15)

Equation (2.14) only has a solution if an integral restraint similar to (2.7) is
satisfied. Since

= ; @ — ‘/8 (1+Q)% }_
9= Sﬂ“(%)”fo dq[e g T dp 2.16)
2m(3) '
we find Qg = — 1
10 IR

This result is underlined since it is not discarded in the sequel. It relates the
leading term in the skin friction to the heat transfer at separation. Now o,
must be negative since the skin friction is positive just prior to separation.
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Equation (2.16) can only be correct then if B; > 0 so that the temperature is
increasing away from the wall. Henceforth the analysis will be restricted to this
cold-wall case.

It might be thought that the integral restraint implied by (2.15) would establish
a relation between a,, and «,,. However, because

o1 = — 850410211 7° + terms independent of o,
we have

fo &y e~ (92 — 257%) [2B, a3 (1 — Fo) + 3By oty 7% + Sty 1 7%
= terms independent of ;; (2.17)

and the left side of this equation vanishes because of the choice of &;,. Equation
(2.17) then establishes another relation between a,, and B, that is not consistent
with (2.16). Because of this, Stewartson concluded that (2.8) is correct.

3. The modified expansion

In this section it is shown how the difficulty of § 2 can be avoided by permitting
additional terms in the expansion. Before doing this, however, it is worth
mentioning that the author’s original approach to this problem was not to seek
a Goldstein—Stewartson expansion, but rather to treat the problem as a para-
meter perturbation following Kaplun’s (1967) analysis of the incompressible
case. In this approach perturbations to (1.12) are sought without any assumptions
about the structure. This leads to partial differential equations and an eigen-
function which satisfies a certain non-linear integral equation with an Abel
kernel. In order to determine the behaviour of the skin-friction at separation
it is then necessary to find a local expansion for the eigenfunction. One such
expansion was found, valid for a cold wall, and it is that expansion which we
describe here, although in a different form. Although the needed terms were
discovered in this fashion, an argument can be given within the present frame-
work, as follows.

If we take the point of view that f,, is correct since the contradiction arose at
the O(1) stage in f,, then we must seek an additional term, somewhat larger than
f11. This term must provide an additional inhomogeneity in the equation for f,,.
Now in addition to other terms the equation for f, contains

’ 3f1 4 afl «
—flgj,,g +f1£—a§, (3.1)
so that if we choose a term that satisfies

In£.£0f,/0E ~ 1,

i.e. an O(InIn §) term, then the equation for f,, is changed. However (3.1) pro-
vides an O(52) term which is not good enough but fortunately an O(In£Inln §)

term is added to f, and it is the £ derivative of this that resolves the difficulty.
16 FLM 44
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Equation (2.9) is now replaced by

fHi=fiolnf+fi;InInE+f, ¢ (3.2)
Ji0and f; are still given by (2.10), (2.11), and
Jia = o072 (3.3)

Equation (3.2) is then an exact solution of the equation for f,.

The Inln{ term complicates the expansion considerably since the sequence
generated from this by applying successively the operator £2/0f does not ter-
minate. Consequently the expansions of ¢, and f, no longer terminate. Thus
(3.2) implies

92 =9goInE+gsInnf+gy + ..., (3.4)
where g, go; are unchanged and
922 = 2By 0,5(1-75). (3.5)

The expansion for f, must start in the form

Jo=fooln?+fypInfinn 4+ fo, In§+fo(InIn )2+ fosInln g

+f22+f26w+&+ ... (3.6)

Inf " Ing
Soo is still described by (2.13); f,, satisfies the equation

wn

23— 31 53+ 30 25— 50fa5 = — Boxsp157%,
so that Jaz = Otag® — 5100157 (3.7)
Jo1 satisfies (2.14) and we write its solution in the form

Jor = Qo ?— F50t10 013 7° + Fo (010, B3 ), (3.8)
where &, is the particular integral generated by
— 203om? + §B 107" + 303 7° + 2B, 0y0(1 — Fa).-
Jau satisfies a simple equation and has solution
Jau = g ® — T5ady (3.9)

The next term is f,; which is described by

1

25— 377 55+ 3955 — 50fas = — Botyy 21072 — 201004592
+ 2B, 0y5(1 — o) + 5By 1o + dt102157%. (3.10)
The phenomenon of (2.17) appears here, the choice of a,, given by (2.16) en-

suring that (3.10) has a solution regardless of the value of «,,.
Turning now to the O(1) balance, which earlier gave difficulties,

Joo = 313f 5+ 302fon — B1fa = — 20100172 — 201900y, 72 — 42}y 772

Bia ,
+ 3Byt~ ﬁﬁ ho(m) +9F o —37°F 0

+[3Byoy 1t + 2By 03 (1 — ) + 3044001, 78] + Bty o049 (3.11)
1T We write Inln £ as a shorthand for In[ln £| throughout.
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The o, terms do not contribute to the integral restraint associated with this
equation so that a,, is determined in terms of B;. Thus

Ao = [1—21In 2] oy, (3.12)

o5, the O(—X)¥ contribution to the skin friction, is not determined by the
preceding analysis or anything that follows. This is not surprising since every-
thing we have done so far should reduce to the incompressible case when B; = 0.

The remaining difficulties with the expansion of f, are easily taken care of.
Following the O(1) balance, f,, satisfies

26— 57 36+ 3035 — 5Ufas = — 204,7° + afo (3.13)
and this equation only has a solution when
Oy = 0.

To avoid this conclusion another term must be added to f,. This has to be an
O(lnIn §/In £) term. Similarly, the equation for f,,, the coefficient of the O(1/In §)
term in the expansion of f,, only has a solution if an O(1/In §) term is added to f,.
Now these additional terms imply that the expansion of f, must continue as

Inl Inl
Jfo= ot fo ( Iinrzlga +fa10 ?n:?gg

and like terms must be added to f; and so on.
In order to provide reassurance that everything works out properly let us

consider the precise effects of the next two terms in f;. Equation (3.2) is replaced
by

Inlng Inln £\2

fi= flOlng+f121nlng+f11+f13 +1fnl4g+0(—]zg_) (8.14)

and to (3.4) must be added the additional terms

InIng gy
G2 =t G 7 3 + Ing +..

f1s, like all the f,; terms other than f,,, is simply
Jiz = o373, (3.15)
so that goa = 2B a,5(1 —G,). (3.16)

Jis effects not only the equation for f,; but also some of the earlier ones, but
fortunately in a way that does not interfere with the integral restraints. Thus a
term — 8a,4a,5%2 must be added to the right side of equation (3.10) for f,;. Also

a new term ; (Inln £)2
28 In g
is generated, satisfying
26— 31 28+ 30%f 25— 52 = — Botgp137%, (3.17)
but most important of all, the equation for f,; becomes
26— 37 26+ 30 26 — 5fas = — 203, 7% — 8ty y39° + Ftty
+2Bays(1—G5) +3Byogsn?t,  (3.18)

16-2
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aZ ]__‘ 133
whence Oy = —?}: 2[777}(—1";)(]%). (3.19)
Continuing, fia = aym? (3.20)
_ Bia
and 925 = 2Bjo4(1—3,) — 2_-8%ﬂ_‘—1(231‘-—5 ko), (3.21)

50 that — 8a,q0,47%2 must be added to the equation for fyy; — 8ay0,%? to (3.18);
and f,,; satisfies

!

21— $7 2 + 39 a7 — 5far = — 201500192 — 204 0ty577% — 8ty 072
+ a3+ §B1aant + 3Byt — In?fas +fas (3.22)

X,-X

Fiaure 1. Heat transfer and skin-friction close to separation. o, heat transfer from Merkin
[10-8, 10—3] x[10-3, 10~1]; v, skin friction from Merkin [10-%, 10-3] x [10-%, 10-%].

o, is now defined. It is related not only to B, but also to ay,, the other arbitrary
constant at this stage. We could continue indefinitely. All of the constants a,;
are related to B,, «;; and since none of this structure is needed for the incom-
pressible problem they must all vanish when B; = 0. Our knowledge of the skin
friction close to separation is therefore very rich with the first infinite number
of terms containing only two arbitrary constants. Unfortunately, successive
terms in (3.14) decrease so slowly that this knowledge is of little value. Numerical
work will merely show the skin-friction behaving approximately like (— X)%.
This conclusion is in agreement with what appears to be the only published
accurate numerical integration of the compressible boundary-layer equations to
separation (previous computations have not been close enough, apparently).
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This is the work of Merkin (1969) who considered a convection problem with
flow over a vertical plate. His equations are very similar to (1.1), (1.2) and his
results show singular behaviour. In figure 1 the skin friction and heat transfer
are shown on a log-log plot and it is clear that both behave approximately like
{— X)}. Note that Merkin’s tabulated results appear to be in error for points very
close to separation.

4. Higher-order terms

The solution to second order is not completely determined by the analysis of
§3 since the infinite set of constants a,; are presently undefined. They are de-
termined by an examination of the third-order solution. The terms on the right
of equations (1.8) imply that the third-order solution must be of the form

g3 = GgoIn?f+ gy InfInIn &+ g5 In 4 ggy(Inln £)24- ..., (4.1)
fo=Ffaon3E+f5 In2fInIn £+ fpIn2E 4+ fysInE(InIn £)2+.... (4.2)

Appropriate solutions for the g;; can be found without any difficulty in principle
but each of the equations for f,; leads to an integral condition that determines
one of the «,;. It is to be expected that all the «,; can be found in this way since
there is no arbitrariness at this stage in the incompressible problem. The leading
term for the temperature satisfies

930 — %"739:,30'*'%"72930 = 3B, ay7%— 8B, 03,1%j, — 8B, a5 (1 —Fy), (4.3)

where a,, is determined from the equation for f,,,

30— $7%f 30 + 57 30— 61f30 = — 1019059 7* — 5 7. (4.4)
No algebraic particular integral with a double zero can account for the #2 term
so that a,, is determined by the requirement that f,, has the appropriate be-
haviour, and furthermore e, is non-zero. Since the equation for f;; always con-
tains a term proportional to «,4a,;79? it seems probable that all the a,; can be
found in this manner. Since in general g3; does not vanish on the wall, this means
that the first infinity of corrections to the heat transfer B; depend only on B,
and a;;. Numerical computations for a cold wall should show the heat transfer
approaching its limiting value like (— X)3. The results of Merkin (1969) men-
tioned earlier confirm this, and are shown in figure 1.

Every f,; calculated at the third order is arbitrary to the extent of a term

gy 72

and the oy; have to be found from a study of f,. Again, a lack of arbitrariness in

the third-order incompressible solution implies that all the a,; are determined.
Now

where

910— 37910+ 29°G 40 = 6B, fag— B17f a0+ 5f10920 + 8f20950 — 3f 10930 — 220920  (4.5)

and fo=FfpntE+..,

gy = gaoln®&+...,
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where
10— 3140 + 4140 — Tfso= 4f10f20+ 6f30 10— 8f 10.S 50+ 5f 20 S50 — 4155
= — 120 903972+ .... (4.6)

P, and 8, both contribute to the fourth-order solution but this does not complicate
matters.

The pattern is changed when we turn to g5 and f; in order to find the a,;.
The reason for this is that an integral restraint is now associated with each of the
gs; as well as the f;;. Stewartson (1962) has pointed out that this occurs whenever
n = 4r+1 (# an integer) since the complementary function that is algebraic
at infinity vanishes at the wall for these ». The source of the diﬂ"lculty provides
the resolution since we can add an arbitrary multiple of (7—5%°) to each gj;
and this arbitrariness can be used to satisfy the additional restralnts. Thus we
are naturally led to start the expansion for g, with

g5 = gsoln*é+...,
where

90— 31°F50 + 37%F50 = 410910+ 5f20930 + 6f 30920 + TB1 fao
— 4110940~ 3f 20930 — 2f 30920 — B11fa0,  (4.7)
but equation (4.7) does not have an appropriate solution (the a; are to be re-

served for the solution of f; of course). However the equation for g, contains the
term $7%£ 9g;/0& so that if we write

gs = gs1 In°E +g50Inté+ ...,

then g51— §7°051 +$7°9s1 = 0,
with solution Js1 = Bsi(n —757°), (4.8)
and this adds a term =3B, (1 — &7

to the right of (4.7). By, is then determined by the integral restraint associated
with (4.7). Terms of order In*£ In In £ and In® £(In In §)? also have to be deliberately
introduced into g5 but the rest of the terms needed appear in a natural way. For
example, solution at the O(In3 £) level is assured by the arbitrariness of g,. All
the constants Bj; are determined except the one that is introduced at the O(1)
level, since £0/0E(1) = 0. We will call this constant By and it joins B; and a,,
as an unknown. This difficulty with g, does not affect f;. The reason for this is
that the three extra orders added to g; do not add extra orders to f;—those orders
are already present. Thus the one-to-oneness between the a,; and the f; is not
disturbed and all the a,; are determined.

The leading term in the expansion of f; is

fsoln3E,

where

50— 773f5’6 2"72fslo_ 81f50 = Bsi(n — T67°) — 140110040 + 5f20 fs0
+ 6f30 20— o030 (4.9)

By, is of course already related to o, by the restraint associated with (4.7).
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Turning to f;, more complications arise. This is because the equation
s — 31 + 5°fs — 9nfe = *
has a solution fo = d5(®— 37,

so that, as with f,, 2 terms do not contribute to the integral restraints associated
with the fg;. Consequently it is no longer clear that the necessary degree of
arbitrariness occurs at each stage via the a;;. Indeed with

fo=feon®E+ ...,

the equation for f, is not solvable. Additional terms have to be added on to f;
to resolve these difficulties, the first one being O(In®£). We can expect that all
the a;;’s will be determined except for the O(1) coefficient since this is arbitrary
when B; = 0 (Stewartson 1962, p. 125). It is possible that what happens is
similar to what happened with f, when o, was undetermined, and a new infinite
sequence of terms has to be added distinet from the extant mixture of logs and
log-logs, but the details have not been checked. With a fourfold infinity of
terms for the skin friction calculated in prineiple, and results obtained consistent
with the numerical evidence, it does not seem very likely that an insuperable
difficulty could arise in the expansion.

The hot wall case has not been discussed. The evidence is that the behaviour is
singular for this problem also, but certainly the expansion generated here is not
appropriate. The best hope of a resolution seems to this author to be a study of
the integral equation that arose in the analysis mentioned at the beginning of § 3.

This work was started while the author was a temporary lecturer in the
Mathematics Department, University College, London. Professor Stewartson’s
kind hospitality during this period is gratefully acknowledged. The work was
completed at N.Y.U. under contract AFOSR 67-1062 from the Air Force Office
of Scientific Research.
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